Statistical modeling, simulation, and experimental verification of wideband indoor mobile radio channel by Ma, Yuanyuan et al.
Research Article
Statistical Modeling, Simulation, and Experimental Verification
of Wideband Indoor Mobile Radio Channels
YuanyuanMa ,1 Bjørn Olav Hogstad ,2 Matthias Pätzold ,3 and Pedro M. Crespo4
1College of Information Science and Engineering, Shandong Agricultural University, Shandong 271018, China
2Department of Mathematical Science, Norwegian University of Science and Technology, Teknologiveien 22, 2815 Gjøvik, Norway
3Faculty of Engineering and Science, University of Agder, P.O. Box 509, 4898 Grimstad, Norway
4CEIT and Tecnun, University of Navarra, 20018 San Sebastia´n, Spain
Correspondence should be addressed to Yuanyuan Ma; mayuanyuan@sdau.edu.cn
Received 19 October 2017; Revised 10 January 2018; Accepted 31 January 2018; Published 19 March 2018
Academic Editor: Jose Rabada´n
Copyright © 2018 Yuanyuan Ma et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
This paper focuses on the modeling, simulation, and experimental verification of wideband single-input single-output (SISO)
mobile fading channels for indoor propagation environments. The indoor reference channel model is derived from a geometrical
rectangle scattering model, which consists of an infinite number of scatterers. It is assumed that the scatterers are exponentially
distributed over the two-dimensional (2D) horizontal plane of a rectangular room. Analytical expressions are derived for the
probability density function (PDF) of the angle of arrival (AOA), the PDF of the propagation path length, the power delay profile
(PDP), and the frequency correlation function (FCF). An efficient sum-of-cisoids (SOC) channel simulator is derived from the
nonrealizable reference model by employing the SOC principle. It is shown that the SOC channel simulator approximates closely
the reference model with respect to the FCF. The SOC channel simulator enables the performance evaluation of wideband indoor
wireless communication systems with reduced realization expenditure. Moreover, the rationality and usefulness of the derived
indoor channel model is confirmed by various measurements at 2.4, 5, and 60GHz.
1. Introduction
Indoor wireless communications has attracted considerable
attention in recent years due to a broad set of emerging
indoor services offered by personal communication systems
[1, 2], wireless local area networks [3, 4], and wireless
private branch exchange networks [5]. The interest in indoor
wireless communications is growing especially when opti-
cal wireless communication techniques [6, 7] are applied
to indoor deployment scenarios. Numerous researches on
modulation techniques [8], multiple access techniques [9],
and propagation modeling [10] have been carried out for
indoor optical wireless communications. In order to design
an efficient indoor wireless communication system and to
predict accurately its system performance, a prerequisite is to
develop an appropriate indoor channel model that describes
realistically the underlying propagation conditions.
To improve the indoor channel characterization and
modeling, numerous measurement campaigns have been
conducted in a variety of indoor environments, such as
offices, corridors, buildings, and factory halls. Measurement
results have been reported in the literature for various
frequency bands, including the frequency bands at 900MHz
[11–13], 1.5 GHz [14, 15], 2.4GHz [16], 4–5.5GHz [17–19],
17-18GHz [18, 20], and 60GHz [21–24]. Based on measure-
ment results, several empirical statistical channel models
[13, 24–27] have been developed for the simulation and
performance analysis of various indoor communication sys-
tems. The advantage of measurement-based channel models
is that they are characterizing the fading behavior utterly
realistic. By changing the model parameters, the developed
statistical channel models can be employed to simulate
indoor propagation channels for a broad range of different
scenarios. However, to determine appropriate parameters
for different propagation scenarios, a large number of mea-
surement data are required, which is time- and material-
consuming and leads thus to high development costs. Alter-
natively, approaches based on ray-tracing techniques [28–
31] have been developed to enable the simulation of indoor
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propagation channels. Ray-tracing channel models [29, 32–
34] can efficiently capture the fading behavior of specified
indoor environments. Many developed ray-tracing channel
models have shown good agreement with measured channels
[35–37]. However, ray-tracing models greatly depend on the
physical layouts and materials through which electromag-
netic waves propagate, for example, walls, floors, and ceilings.
In addition, the main drawback of ray-tracing models comes
from their computational costs, which are widely determined
by the size and complexity of the geographic database as well
as the strategy used for the ray search. Therefore, a trade-
off has to be found between the prediction accuracy and
the simulation efficiency when modeling indoor propagation
channels using ray-tracing techniques.
The two main types of indoor channel models, namely,
the empirical statistical channel models and the ray-tracing
channel models, have their own strengths and limitations.
To cope with the drawbacks mentioned above, a geomet-
rical channel model has been proposed in [38] for indoor
environments, where it is assumed that the scatterers are
randomly distributed inside of a circle with a base station
(BS) in its centre. More specifically, this model is based on the
assumption that the distance between the BS and the scatter-
ers follows an exponential distribution. Such an assumption
imposes severe restrictions on the applicability of the model.
In addition, from the physical point of view, it is questionable
whether it is reasonable to represent the geometry of indoor
scattering areas, such as offices and corridors, by a circle.
On the contrary, a rectangle is a more appropriate geometric
figure to model typical indoor propagation environments. A
geometrical rectangle scattering model has been proposed in
[39] to characterize narrowband indoor radio propagation
channels. However, to the best of the authors’ knowledge, the
modeling of wideband indoor radio channels by employing
an appropriate geometrical scattering model that takes into
consideration the unique indoor propagation conditions is
still an open problem.
Motivated by the scarcity of proper wideband geometry-
based indoor channel models, such a model was developed
in [40] by extending the geometrical rectangle scattering
model in [39] with respect to frequency selectivity. In this
paper, we improve the statistical models in [39–41] for the
characterization of the scatterer distribution. We concentrate
on the statistical characterization of a wideband reference
channel model, which is based on the assumption that an
infinite number of scatterers are randomly distributed over
the two-dimensional (2D) horizontal plane of a rectangular
room. To be more specific, we assume that the probability
for the occurrence of a scatterer decays exponentially with
the distance from the walls. This assumption includes the
uniform distribution of the scatterers as a specific case.
In contrast to [42–44], we apply a different procedure for
studying the statistical properties of the resulting reference
channel model, which requires no knowledge of the complex
channel gain. We derive the analytical expressions for the
probability density function (PDF) of the angle of arrival
(AOA), the PDF of the propagation path length, the power
delay profile (PDP), and the frequency correlation function
(FCF). Moreover, we derive a wideband sum-of-cisoids
(SOC) channel simulator from the reference model. It is
shown that the designed wideband SOC channel simulator
matches the underlying reference model accurately with
respect to the FCF. The obtained SOC channel simulator
enables the simulation of indoormobile fading channels with
reduced realization expenditure. At the end, we demonstrate
the closeness to reality of the proposed reference channel
model by comparing its mean excess delay and the root mean
square (RMS) delay spread with the corresponding empirical
quantities obtained from measured channels in laboratories
at 2.4GHz [16] and a conference room at 5GHz [19] as well
as corridors and offices at 60GHz [23].
The remainder of this paper is structured as follows. In
Section 2, we introduce the 2D geometrical indoor scattering
model, which serves as a starting point for the derivation of
the reference channel model. Section 3 analyzes the statistical
characteristics of the wideband reference channel model
with emphasis on the PDF of the AOA, the PDF of the
propagation path length, the PDP, and the FCF. Section 4
introduces a design procedure for wideband indoor SOC
channel simulators. Numerical and experimental results are
presented in Section 5 to confirm the correctness of the
obtained theoretical results. Section 6 validates the usefulness
of the proposed indoor channel model by matching its statis-
tical properties to those of measured (real-world) channels.
Finally, Section 7 draws the conclusion.
2. The Geometrical Indoor Scattering Model
This section briefly describes the geometrical scattering
model, which was first proposed in [40] to characterize
indoor propagation scenarios. Although a room has three
dimensions, we only consider the 2D horizontal plane in
which all local scatterers as well as the BS and the mobile
station (MS) are located. As shown in Figure 1, the rectangle
represents the 2D horizontal plane of a room. Its length
and width are denoted by 𝐴 and 𝐵, respectively. The BS is
considered as the transmitter, leaving the MS to play the role
as the receiver. For convenience, it is also assumed that the
MS moves along the 𝑥-axis. Moreover, we consider single
bounce scattering, which means that the plane waves emitted
from the BS are only bounced once by scatterers before
reaching the MS. The black star in Figure 1 represents a
single local scatterer. In real-world environments, the number
of scatterers is limited and their locations differ from one
propagation scenario to another. To avoid studying the fading
characteristics for a specific indoor propagation scenario
characterized by a specific realization of a finite number
of scatterers, we focus on a general statistical model that
results from averaging over all possible propagation scenar-
ios.Therefore, we assume that an infinite number of scatterers
are randomly distributed inside the room. Such a model acts
here as a nonrealizable stochastic reference model. From the
reference channel model, an efficient channel simulator with
low realization expenditure can be derived by making use of
the SOC principle [45].
A straightforward assumption would be that the scatter-
ers are uniformly distributed inside the room. For themodel-
ing of indoor channels, however, it is more realistic to assume
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Figure 1: Geometrical indoor scattering model with local scatterers𝑆, which are randomly distributed over the 2D horizontal plane of a
room with length 𝐴 and width 𝐵 (𝑎 ≥ 0 and 𝑏 ≥ 0).
that the probability of the occurrence of a scatterer decays
exponentially with the distance from the walls. This implies
that it is more likely that the received scattered components
are coming from the walls rather than from objects located
in the room’s centre. Instead of the uniform distribution, we
use therefore amixture of exponential functions tomodel the
distribution of the scatterers inside the 2D horizontal plane
of the room. The exponential functions are more general
and include the uniform distribution as a special case, as
explained in the next section.
3. Statistical Characterization of the Reference
Channel Model
This section studies the statistical properties of the proposed
indoor wideband reference channel model. In this regard, the
PDF of the AOA, the PDP, and the FCF are of special interest.
It is shown in Figure 1 that the BS is located at the position(𝑐, 0) (𝑐 < 0), while theMS is located at the origin of the coor-
dinate system.Theposition of the local scatterer 𝑆 is described
by (x, y), where x and y are independent random variables.
As mentioned in Section 2, it is assumed that the scatterers
are exponentially distributed within the 2D horizontal plane
of the room. This implies that the random variables x and
y must be exponentially distributed over the intervals 𝐼x =[−𝐴/2−𝑎, 𝐴/2−𝑎] and 𝐼y = [−𝐵/2−𝑏, 𝐵/2− 𝑏], respectively.
Thus, the PDF 𝑝x(𝑥) of x and the PDF 𝑝y(𝑦) of y are given by𝑝x (𝑥)
= {{{
𝑃1 [𝑒−𝑤11(𝑥+𝐴/2+𝑎) + 𝑒𝑤12(𝑥−𝐴/2+𝑎)] , 𝑥 ∈ 𝐼x,0, otherwise, (1a)
𝑝y (𝑦)
= {{{
𝑃2 [𝑒−𝑤21(𝑦+𝐵/2+𝑏) + 𝑒𝑤22(𝑦−𝐵/2+𝑏)] , 𝑦 ∈ 𝐼y,0, otherwise, (1b)
where 𝑤𝑘𝑙 ≥ 0 (𝑘, 𝑙 = 1, 2) are real-valued parameters and
𝑃1 = 𝑤11𝑤12𝑤12 (1 − 𝑒−𝑤11𝐴) + 𝑤11 (1 − 𝑒−𝑤12𝐴) , (2a)
𝑃2 = 𝑤21𝑤22𝑤22 (1 − 𝑒−𝑤21𝐵) + 𝑤21 (1 − 𝑒−𝑤22𝐵) . (2b)
It should be mentioned that the distributions in (1a) and
(1b) include the uniform distribution as a special case if𝑤𝑘𝑙 → 0 for 𝑘, 𝑙 = 1, 2. With the rule of de l’Hospital, it can
be shown that in this case 𝑃1 and 𝑃2 tend to 𝑃1 = 1/(2𝐴) and𝑃2 = 1/(2𝐵), respectively. Owing to the assumption that the
random variables x and y are statistically independent, we
can express the joint PDF 𝑝xy(𝑥, 𝑦) of x and y as the product
of the marginal PDFs 𝑝x(𝑥) and 𝑝y(𝑦); that is,
𝑝xy (𝑥, 𝑦) = 𝑝x (𝑥) ⋅ 𝑝y (𝑦) . (3)
Next, we describe the position of the scatterers by using
polar coordinates (z,𝛼), where z denotes the path length from
the position of the scatterer 𝑆 to the MS, and 𝛼 is the AOA
(see Figure 1). Notice that z and 𝛼 are random variables. The
joint PDF 𝑝z𝛼(𝑧, 𝛼) of the position of the scatterers in polar
coordinates (z,𝛼) can be written by using (3) as
𝑝z𝛼 (𝑧, 𝛼) = 𝑧𝑝xy (𝑧 cos (𝛼) , 𝑧 sin (𝛼))= 𝑧𝑝x (𝑧 cos (𝛼)) ⋅ 𝑝y (𝑧 sin (𝛼)) . (4)
Let D be the propagation path length, which is the plane
wave’s overall traveling distance from the BS via the scatterer𝑆 to the MS; thenD is given by
D = z + √z2 − 2𝑐z cos (𝛼) + 𝑐2. (5)
Our next focus is on finding the joint PDF of the path length
D and the AOA 𝛼 using (4). For this purpose, we introduce
the auxiliary random variable 𝜃 = 𝛼. Solving the system of
equations determined by D = z + √z2 − 2𝑐z cos(𝛼) + 𝑐2 and
𝜃 = 𝛼 gives us the following two solutions:
𝛼 = 𝜃, (6a)
𝑧 = 𝐷2 − 𝑐22 (𝐷 − 𝑐 cos𝛼) . (6b)
By applying the fundamental theorem of transformation of
random variables [46, p. 201], the joint PDF 𝑝D𝜃(𝐷, 𝜃) of the
path lengthD and the auxiliary random variable 𝜃 is given by
𝑝D𝜃 (𝐷, 𝜃) = |𝐽 (𝐷, 𝜃)| ⋅ 𝑝z𝛼 ( 𝐷2 − 𝑐22 (𝐷 − 𝑐 cos 𝜃) , 𝜃) , (7)
where
𝐽 (𝐷, 𝜃) =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝜕𝛼𝜕𝐷 𝜕𝛼𝜕𝜃𝜕𝑧𝜕𝐷 𝜕𝑧𝜕𝜃
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨 = −
𝐷2 − 2𝐷𝑐 cos 𝜃 + 𝑐22 (𝐷 − 𝑐 cos 𝜃)2 (8)
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denotes the Jacobian determinant of the inverse transforma-
tion. Substituting (8) into (7) and using (4), (6a), and (6b),
we find the expression for the joint PDF 𝑝D𝜃(𝐷, 𝜃). Owing
to 𝜃 = 𝛼, the joint PDF 𝑝D𝛼(𝐷, 𝛼) can be expressed directly
using the joint PDF𝑝D𝜃(𝐷, 𝜃) by replacing 𝜃 in (7) by 𝛼.Thus,
we obtain
𝑝D𝛼 (𝐷, 𝛼) = [𝐷2 − 2𝐷𝑐 cos (𝛼) + 𝑐2] (𝐷2 − 𝑐2)4 (𝐷 − 𝑐 cos (𝛼))3
⋅ 𝑝x ((𝐷2 − 𝑐2) cos (𝛼)2 (𝐷 − 𝑐 cos (𝛼)) )
⋅ 𝑝y ((𝐷2 − 𝑐2) sin (𝛼)2 (𝐷 − 𝑐 cos (𝛼)) ) ,
(9)
where 𝑝x(⋅) and 𝑝y(⋅) are the densities given by (1a) and (1b),
respectively.
3.1.The PDF of the AOA. In this subsection, we are concerned
with the derivation of the PDF 𝑝𝛼(𝛼) of the AOA 𝛼. This
PDF can be obtained from the joint PDF 𝑝D𝛼(𝐷, 𝛼) in (9) by
integrating over the range of𝐷; that is,
𝑝𝛼 (𝛼) = ∫
𝐷∈ID
𝑝D𝛼 (𝐷, 𝛼) 𝑑𝐷, (10)
𝐷max (𝛼) =
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
𝐴−2 cos (𝛼) + √[ 𝐴−2 cos (𝛼)]2 − 𝑐𝐴− + 𝑐2, if − arctan 𝐵+𝐴− < 𝛼 ≤ arctan 𝐵−𝐴− ,𝐵−2 sin (𝛼) + √[ 𝐵−2 sin (𝛼)]2 − 𝑐𝐵−cot (𝛼) + 𝑐2, if arctan 𝐵−𝐴− < 𝛼 ≤ 𝜋 − arctan 𝐵−𝐴+ ,− 𝐴+2 cos (𝛼) + √[ 𝐴+2 cos (𝛼)]2 + 𝑐𝐴+ + 𝑐2, if 𝜋 − arctan 𝐵−𝐴+ < 𝛼 ≤ 𝜋, −𝜋 < 𝛼 ≤ −𝜋 + arctan 𝐵+𝐴+ ,− 𝐵+2 sin (𝛼) + √[ 𝐵+2 sin (𝛼)]2 + 𝑐𝐵+ cot (𝛼) + 𝑐2, if − 𝜋 + arctan 𝐵+𝐴+ < 𝛼 ≤ − arctan 𝐵+𝐴− ,
(11)
where ID represents the interval (𝐷min, 𝐷max(𝛼)] in which𝐷min and𝐷max(𝛼) are theminimum and themaximumprop-
agation path length, respectively. The minimum propagation
path length𝐷min follows from (5) for 𝑧 = 0; that is,𝐷min = |𝑐|.
Notice that the maximum propagation path length 𝐷max(𝛼)
depends on𝛼. It is shown inAppendixA that𝐷max(𝛼) is given
as in (11), where
𝐴± = 𝐴 ± 2𝑎, (12a)
𝐵± = 𝐵 ± 2𝑏. (12b)
With 𝐷min = |𝑐| and 𝐷max(𝛼), as given in (11), the PDF𝑝𝛼(𝛼) can readily be obtained by solving the integral in (10)
numerically.
3.2. The PDF of the Propagation Path Length. The PDF of
the propagation path length D, denoted by 𝑝D(𝐷), can be
calculated by means of the relation
𝑝D (𝐷) = ∫
𝛼
𝑝D𝛼 (𝐷, 𝛼) 𝑑𝛼. (13)
It is shown in Appendix B [see (B.9)] that the integral in (13)
can be expressed by (14), which is presented as follows:
𝑝D (𝐷) =
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{
𝑔 (−𝜋, 𝜋) , if |𝑐| ≤ 𝐷 ≤ 𝐷4,𝑔 (−𝜋, 𝛼1) + 𝑔2 (𝛼2, 𝜋) , if 𝐷4 < 𝐷 ≤ 𝐷8,𝑔 (−𝜋, 𝛼3) + 𝑔2 (𝛼4, 𝛼1) + 𝑔2 (𝛼2, 𝜋) , if 𝐷8 < 𝐷 ≤ 𝐷1,𝑔 (−𝜋, 𝛼3) + 𝑔2 (𝛼4, 𝛼5) + 𝑔2 (𝛼6, 𝛼1) + 𝑔2 (𝛼2, 𝜋) , if 𝐷1 < 𝐷 ≤ 𝐷2,𝑔 (−𝜋, 𝛼3) + 𝑔2 (𝛼4, 𝛼5) + 𝑔2 (𝛼2, 𝜋) , if 𝐷2 < 𝐷 ≤ 𝐷3,𝑔 (−𝜋, 𝛼3) + 𝑔2 (𝛼2, 𝜋) , if 𝐷3 < 𝐷 ≤ 𝐷6,𝑔 (𝛼8, 𝛼3) + 𝑔2 (𝛼2, 𝛼7) , if 𝐷6 < 𝐷 ≤ 𝐷5,𝑔 (𝛼8, 𝛼3) , if 𝐷5 < 𝐷 ≤ 𝐷7,
(14)
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where the path lengths 𝐷1, 𝐷2, . . . , 𝐷8 are given in
Appendix B, and 𝑔(𝛼𝑚, 𝛼𝑛) denotes the integral
𝑔 (𝛼𝑚, 𝛼𝑛) = ∫𝛼𝑛
𝛼𝑚
𝑝D𝛼 (𝐷, 𝛼) 𝑑𝛼, (15)
in which
𝛼1,2 = 2 arctan{{{
𝐷 − 𝑐𝐵− ∓ √(𝐷 − 𝑐𝐵− )
2 − 𝐷 − 𝑐𝐷 + 𝑐}}} , (16a)
𝛼3,4 = −2 arctan{{{
𝐷 − 𝑐𝐵+ ± √(𝐷 − 𝑐𝐵+ )
2 − 𝐷 − 𝑐𝐷 + 𝑐}}} , (16b)
𝛼5,6 = ∓ arccos{ 𝐷𝐴−𝐷2 − 𝑐2 + 𝑐𝐴−} , (16c)
𝛼7,8 = ± arccos{ −𝐷𝐴+𝐷2 − 𝑐2 − 𝑐𝐴+} . (16d)
3.3. The PDF and PDP of the Propagation Delays. The
objective of this subsection is to find the PDF 𝑝𝜏󸀠(𝜏󸀠) of
the propagation delays 𝜏󸀠. Here, the propagation delay 𝜏󸀠 is
defined as
𝜏
󸀠 = D − |𝑐|𝑐0 , (17)
where 𝑐0 denotes the speed of light. Taking this relation
into account and applying the concept of transformation of
random variables [46, p. 130], we can express the PDF 𝑝𝜏󸀠(𝜏󸀠)
of the propagation delays 𝜏󸀠 as
𝑝𝜏󸀠 (𝜏󸀠) = 𝑐0𝑝D (𝑐0𝜏󸀠 + |𝑐|) . (18)
Here, 𝑝D(𝑐0𝜏󸀠 + |𝑐|) can be obtained directly from the PDF
in (14) by replacing the variable 𝐷 by the term 𝑐0𝜏󸀠 +|𝑐|. For brevity, the expression for 𝑝D(𝑐0𝜏󸀠 + |𝑐|) is not
presented here. Let the total power of the received multipath
components be represented by 2𝜎20 , and let us denote the PDP
by 𝑆𝜏󸀠(𝜏󸀠). Then, it follows that ∫∞0 𝑆𝜏󸀠(𝜏󸀠)𝑑𝜏󸀠 = 2𝜎20 holds.
By taking the relationship 𝑆𝜏󸀠(𝜏󸀠) ∼ 𝑝𝜏󸀠(𝜏󸀠) and the property∫∞
0
𝑝𝜏󸀠(𝜏󸀠)𝑑𝜏󸀠 = 1 into account, we can conclude that the
following equation must hold for the PDP:
𝑆𝜏󸀠 (𝜏󸀠) = 2𝜎20𝑝𝜏󸀠 (𝜏󸀠) = 2𝑐0𝜎20𝑝D (𝑐0𝜏󸀠 + |𝑐|) . (19)
Hence, the PDP 𝑆𝜏󸀠(𝜏󸀠) can be obtained directly from the PDF𝑝D(𝐷) in (14).
3.4. The FCF. According to the Wiener-Khinchin theorem,
the PDP and the FCF form a Fourier transform pair.The FCF𝑟𝜏󸀠(V󸀠) is defined as the Fourier transform of the PDP 𝑆𝜏󸀠(𝜏󸀠);
that is,
𝑟𝜏󸀠 (V󸀠) = ∫∞
0
𝑆𝜏󸀠 (𝜏󸀠) 𝑒−𝑗2𝜋V󸀠𝜏󸀠𝑑𝜏󸀠. (20)
Substituting (19) in (20) results in the following expression for
the FCF:
𝑟𝜏󸀠 (V󸀠) = 2𝑐0𝜎20 ∫∞
0
𝑝D (𝑐0𝜏󸀠 + |𝑐|) 𝑒−𝑗2𝜋V󸀠𝜏󸀠𝑑𝜏󸀠. (21)
Since no closed-form solution exists, the integral above has
to be solved numerically.
4. Design of an SOC Wideband Indoor
Channel Simulator
This section deals with the design of a stochastic SOC
channel simulator for the proposedwideband indoor channel
model. The time-variant impulse response of a wideband
SOC channel simulator consisting ofL discrete propagation
paths can be expressed as follows [47, Eq. (7.55)]:
ĥ (𝜏󸀠, 𝑡) = L−1∑
ℓ=0
𝑎ℓ?̂?ℓ (𝑡) 𝛿 (𝜏󸀠 − 𝜏󸀠ℓ) . (22)
Here, the path gains 𝑎ℓ are determined by the square root of
the PDP assigned to the ℓth discrete propagation delay. By
applying the procedure described in [47, p. 374], we have
𝑎ℓ = √∫
𝜏󸀠∈𝐼ℓ
𝑆𝜏󸀠 (𝜏󸀠) 𝑑𝜏󸀠, ℓ = 1, 2, . . . ,L, (23)
where 𝐼ℓ are the intervals defined in [47, p. 374]. The
stochastic complex process ?̂?ℓ(𝑡) in (22)models the sum of all
received scattered components having the same propagation
delay 𝜏󸀠ℓ. According to the SOC principle, such a stochastic
process can be represented by a sum of𝑁ℓ cisoids of the form
[45]
?̂?ℓ (𝑡) = 𝑁ℓ∑
𝑛=1
𝑐𝑛,ℓ𝑒𝑗(2𝜋𝑓𝑛,ℓ𝑡+𝜃𝑛,ℓ). (24)
Here, the quantities 𝑐𝑛,ℓ, 𝑓𝑛,ℓ, and 𝜃𝑛,ℓ represent the gain,
the Doppler frequency, and the Doppler phase of the 𝑛th
component of the ℓth discrete path, respectively. The gains𝑐𝑛,ℓ and the Doppler frequencies 𝑓𝑛,ℓ are constant. They can
be determined by a proper parameter computation method,
for example, the modified method of equal areas (MMEA)
[48], according to which the gains 𝑐𝑛,ℓ are given by
𝑐𝑛,ℓ = 𝜎0√ 2𝑁ℓ . (25)
TheDoppler frequencies𝑓𝑛,ℓ are determined by theAOAs𝛼𝑛,ℓ according to the well-known relation𝑓𝑛,ℓ = 𝑓max cos (𝛼𝑛,ℓ) , (26)
where 𝑓max stands for the maximum Doppler frequency. The
AOAs 𝛼𝑛,ℓ are constant parameters, which can be computed
by means of the MMEA. This method requires solving the
following equation:
∫𝛼𝑛,ℓ
−𝜋
𝑝𝛼|𝜏󸀠∈𝐼ℓ (𝛼) 𝑑𝛼 = 1𝑁ℓ (𝑛 − 14) , (27)
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Figure 2:The PDF 𝑝
𝛼
(𝛼) of the AOA 𝛼 for different locations of the
BS.
for all 𝑛 = 1, 2, . . . , 𝑁ℓ. The phases 𝜃𝑛,ℓ of the stochastic
SOC channel simulator are independent and identically
distributed (i.i.d.) random variables, each following a uni-
form distribution over [0, 2𝜋). Thus, the stochastic SOC
channel simulator can be interpreted as a family of sample
functions determined by the realizations of the phases 𝜃𝑛,ℓ. A
sample function can be obtained from the stochastic channel
simulator by fixing all phases. Such a sample function, which
can be interpreted as awaveform generated by a deterministic
channel simulator, can be used to simulate the proposed
wideband indoor channel.
5. Numerical and Simulation Results
This section illustrates the theoretical results given by (10) and
(21). The correctness of the theoretical results will be verified
by simulations. We will also show that the SOC channel
simulator matches the reference channel model with respect
to the FCF. The validity of the proposed indoor channel
model is also confirmed by indoor channel measurements
by studying the mean delay and the RMS delay spread. In all
simulations, we consider a room with length 𝐴 = 10m and
width 𝐵 = 5m as our indoor environment. The parameters 𝑎
and 𝑏have been chosen to be equal to 2 and 1, respectively.The
SOC channel simulator is designed by applying the MMEA
[48] using𝑁ℓ = 8 (ℓ = 1, 2, . . . ,L) cisoids for each discrete
propagation path.
The theoretical result of the PDF 𝑝𝛼(𝛼) of the AOA 𝛼 [see
(10)] of the wideband reference channel model is presented
in Figure 2 for different BS locations (𝑐 = −2 and 𝑐 =−4). It can be observed from this figure that the shape of
the PDF of the AOA is independent of the position of the
BS. The theoretical results illustrated in Figure 2 have been
verified by experiments. In our experiments, we determined
the horizontal (and vertical) locations of all scatterers in
the Cartesian coordinate system as outcomes of a random
generator, which generates uniformly distributed scatterers
over [−𝐴/2 − 𝑎, 𝐴/2 − 𝑎] and [−𝐵/2 − 𝑏, 𝐵/2 − 𝑏] according
to the distributions in (1a) and (1b), respectively. It should
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be mentioned that the results in Figure 2 correspond to the
PDF of the AOA of the narrowband channel model (see
[39, Eq. (9)]). In Section 6, we will graphically present the
PDF of the AOA in case that the locations of the scatterers
are exponentially distributed. The impact of the parameters𝑎 and 𝑏 on the shape of the PDF 𝑝𝛼(𝛼) of the AOA 𝛼
is illustrated in Figures 3 and 4, respectively. It can be
observed from Figure 3 that an increase in the value of𝑎 from 0 to 4 results in a decrease in the PDF 𝑝𝛼(𝛼) at
small values of the AOAs, where they are confined to the
interval [− arctan(𝐵+/𝐴−), arctan(𝐵−/𝐴−)]. In contrast, the
PDF 𝑝𝛼(𝛼) increases with increasing values of 𝑎 at large
values of the AOA; that is, 𝛼 ∈ [− arctan(𝐵+/𝐴+), −𝜋] ∪[arctan(𝐵−/𝐴+), 𝜋].
Figure 4 reveals that an increase in 𝑏 leads to an inverse
effect on the shape of the PDF 𝑝𝛼(𝛼) compared to an increase
in 𝑎. Figures 3 and 4 show that both the parameters 𝑎 and 𝑏,
which control the symmetry of the room, have impacts on the
shape of the PDF of AOA.Themain reason is that when 𝑎 or 𝑏
changes, it means the location of themobile station relative to
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Figure 5:Absolute values of the FCFs |𝑟
𝜏󸀠
(V󸀠)| (referencemodel) and|𝑟
𝜏󸀠
(V󸀠)| (simulation model) for different values of the room length𝐴.
the room area moves (see the geometrical indoor scattering
model in Figure 1). While a scatterer is fixed, the position of
the mobile station determines the value of the AOA. If the
mobile station moves closer to a wall, the AOA bounced by
the scatterers in the triangle formed by themobile station and
two corners of the wall takes a larger range. Therefore, the
PDF of one angle from that range decreases.
Figure 5 shows the absolute value of the FCF 𝑟𝜏󸀠(V󸀠)
that has been calculated by using (21) for different values
of the room length 𝐴. For comparison purposes, we also
plot the theoretical curve for the absolute value of the FCF
of the designed SOC simulation model by using Eq. (31)
in [42]. We consider L = 20 discrete propagation paths
for the SOC channel simulator, where the corresponding
delays 𝜏󸀠ℓ are equally spaced between 0 and the maximum
propagation delay 𝜏󸀠max. The value of 𝜏󸀠max can be obtained
from (18) as the maximum value of 𝜏󸀠 such that 𝑝𝜏󸀠(𝜏󸀠) ̸=0. The path powers assigned to different propagation paths
have been calculated according to the method described in
[47, pp. 374–375]. The AOAs of the SOC channel simulator
are computed by employing the MMEA [48]. We observe
from Figure 5 that the FCF of the SOC channel simulator
can be brought into extremely good agreement with that of
the reference model. The FCF decays faster with increasing
the frequency separation V󸀠 if the room length 𝐴 increases
(here from 10m to 30m). This means that the coherence
bandwidth 𝐵𝑐 becomes smaller as𝐴 increases (the coherence
bandwidth 𝐵𝑐 of a wideband mobile radio channel is the
smallest positive value of the frequency separation variable𝜐󸀠 = 𝐵𝑐 for which the condition |𝑟𝜏󸀠(𝐵𝑐)| = |𝑟𝜏󸀠(0)|/2 is
fulfilled).
The influence of the room width 𝐵 on the FCF is
presented in Figure 6 from which similar conclusions can be
drawn as from Figure 5. When the dimensions of the room
increase, the frequency correlation of time-variant transfer
functions reduces at the same frequency separation. In other
words, the time-variant transfer functions of the developed
SOC channel simulator become independent at a smaller
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Figure 6: Absolute values of the FCFs |𝑟
𝜏󸀠
(V󸀠)| (reference model)
and |𝑟
𝜏󸀠
(V󸀠)| (simulation model) for different values of the room
width 𝐵.
frequency separation, which leads to a smaller coherence
bandwidth.
6. Experimental Verification
To demonstrate the usefulness of the proposed geometrical-
based indoor reference channel model, we will show how the
statistics of the reference channel model can be fitted to the
statistics of measured real-world channels by optimizing the
key parameters of the reference model. Here, two of the most
important characteristic quantities of widebandmobile radio
channels are considered, namely, the mean excess delay and
the RMS delay spread.
The mean excess delay𝑚𝜏󸀠 is defined as the first moment
of the PDP [26, 49]; that is,
𝑚𝜏󸀠 = ∫∞0 𝜏󸀠 ⋅ 𝑆𝜏󸀠 (𝜏󸀠) 𝑑𝜏󸀠∫∞
0
𝑆𝜏󸀠 (𝜏󸀠) 𝑑𝜏󸀠 . (28)
The RMS delay spread 𝜎𝜏󸀠 is defined as the square root of the
second central moment of the PDP [26, 49]; that is,
𝜎𝜏󸀠 = √ ∫∞0 (𝜏󸀠 − 𝑚𝜏󸀠)2 ⋅ 𝑆𝜏󸀠 (𝜏󸀠) 𝑑𝜏󸀠∫∞
0
𝑆𝜏󸀠 (𝜏󸀠) 𝑑𝜏󸀠 . (29)
The mean excess delay 𝑚𝜏 and the RMS delay spread 𝜎𝜏󸀠
of the referencemodel can easily be calculated by substituting
the PDP 𝑆𝜏󸀠(𝜏󸀠) [see (19)] into (28) and (29), respectively.
The measurement results of the mean excess delay 𝑚⋆
𝜏󸀠
and the RMS delay spread 𝜎⋆
𝜏󸀠
considered in this section are
taken from [16, 19, 23]. The measurement campaigns were
carried out in laboratories, a conference room, and corridors.
Themeasurements in [16] have been obtained at 2.4GHz in a
laboratory with dimensions 7.8m × 9.95m. Furthermore, the
measurements reported in [19] have been obtained at 5GHz
in a conference roomwith dimensions 6.6m × 5.9m. Finally,
the measurements in [23] have been obtained at 60GHz in
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Table 1: Optimized parameters of the reference models for laboratory scenarios at 2.4GHz based on the measurements in [16].
Locations 𝑚⋆
𝜏󸀠
(ns) 𝜎⋆
𝜏󸀠
(ns) 𝑚
𝜏󸀠
(ns) 𝜎
𝜏󸀠
(ns) 𝐴 𝐵 𝑎 𝑏 𝑐 𝑤11 𝑤12 𝑤21 𝑤22
Loc. 1 57.04 30.55 57.04 30.49 7.8 9.95 3.51 4.32 −0.01 701.53 198.76 3.71 34.05
Loc. 2 43.40 24.12 43.40 24.12 7.8 9.95 3.48 3.93 −1.02 10.17 10.10 10.16 9.94
Loc. 3 49.10 22.19 49.10 22.12 7.8 9.95 3.76 3.59 −1.01 10.04 12.04 7.34 12.59
Loc. 4 54.85 26.82 54.85 26.82 7.8 9.95 3.87 4.97 −0.86 12.01 13.18 4.60 8.79
Table 2: Optimized parameters of the reference models for the conference room at 5GHz based on the measurements in [19].
Locations 𝑚⋆
𝜏󸀠
(ns) 𝜎⋆
𝜏󸀠
(ns) 𝑚
𝜏󸀠
(ns) 𝜎
𝜏󸀠
(ns) 𝐴 𝐵 𝑎 𝑏 𝑐 𝑤11 𝑤12 𝑤21 𝑤22
Loc. 1 20.5 18.6 20.5 18.6 6.6 5.9 2.99 2.78 −0.88 12.78 7.83 13.12 3.70
Loc. 2 16.4 16.2 16.4 16.2 6.6 5.9 2.84 2.09 −0.66 5.65 2.79 14.15 1.61
Loc. 3 19.7 17.8 19.7 17.8 6.6 5.9 3.03 2.62 −0.68 8.53 1.33 7.25 5.38
Loc. 4 21.8 18.5 21.8 18.5 6.6 5.9 3.01 2.62 −0.80 5.83 2.07 6.93 4.82
Loc. 5 18.0 16.6 18.0 16.6 6.6 5.9 3.21 2.29 −0.84 6.85 1.23 7.21 4.21
Loc. 6 17.2 15.5 17.2 15.5 6.6 5.9 2.87 2.11 −0.96 7.44 1.62 6.84 3.67
Loc. 7 17.9 16.4 17.9 16.4 6.6 5.9 3.10 2.29 −0.87 6.84 1.20 7.19 4.37
Loc. 8 14.3 15.9 14.3 15.9 6.6 5.9 3.17 2.28 −0.95 7.93 1.33 7.42 2.58
Loc. 9 19.0 20.2 19.0 20.2 6.6 5.9 3.00 2.90 −0.17 18.97 4.84 17.05 7.14
Loc. 10 20.8 20.7 20.8 20.7 6.6 5.9 3.00 2.90 −0.14 18.02 6.70 16.74 6.51
Loc. 11 23.6 20.4 23.6 20.4 6.6 5.9 2.89 2.90 −0.15 19.31 7.13 12.38 7.29
Loc. 12 24.0 19.9 24.0 19.9 6.6 5.9 2.78 2.90 −0.15 19.90 7.33 12.18 7.45
Table 3: Optimized parameters of the referencemodels for the corridor and laboratory (Lab) scenarios at 60GHz based on themeasurements
in [23].
Locations 𝑚⋆
𝜏󸀠
(ns) 𝜎⋆
𝜏󸀠
(ns) 𝑚
𝜏󸀠
(ns) 𝜎
𝜏󸀠
(ns) 𝐴 𝐵 𝑎 𝑏 𝑐 𝑤11 𝑤12 𝑤21 𝑤22
Loc. 1 5.17 13.70 5.17 13.70 30 1.75 13.26 0.45 −15.64 9.61 0.23 14.50 1.67
Loc. 2 8.18 15.04 8.18 15.04 30 1.75 13.66 0.53 −16.08 31.23 1.17 11.89 1.02
Loc. 3 3.84 12.35 3.84 12.35 30 1.75 14.62 0.57 −19.17 30.88 1.02 11.67 1.05
Loc. 4 5.37 12.34 5.37 12.34 30 1.75 14.01 0.44 −17.95 31.85 0.98 14.31 1.13
Average corridor 5.64 13.36 5.64 13.36 30 1.75 12.98 0.56 −15.61 10.38 0.16 21.75 1.01
Loc. 5 8.42 14.72 8.42 14.72 19.5 7.5 9.00 1.34 −7.53 9.87 0.40 11.05 0.45
Loc. 6 3.52 12.56 3.77 12.56 19.5 7.5 9.02 3.42 −5.65 5.04 0.71 232.37 2.96
Average Lab (LOS) 5.97 13.64 5.97 13.64 19.5 7.5 9.02 2.29 −5.62 4.36 0.82 185.74 1.38
Loc. 7 12.81 19.94 12.51 19.28 19.5 7.5 7.85 2.98 −7.13 3.22 0.22 20.71 2.29
Loc. 8 14.69 21.09 14.67 21.08 19.5 7.5 9.21 0.72 −8.21 1.93 0.21 0.01 0.68
Average Lab (NLOS) 13.75 20.52 13.72 20.51 19.5 7.5 9.00 1.72 −9.05 1.48 0.21 19.28 0.33
Overall 7.75 15.22 7.75 15.22 19.5 7.5 9.00 2.26 −3.97 1.24 0.63 30.97 0.74
two 30m × 1.75m × 2.80m corridors as well as inside a
laboratory with dimensions 19.5m × 7.5m.
We combine all the relevantmodel parameters (except the
parameters 𝐴 and 𝐵) which control the mean excess delay𝑚𝜏󸀠 and the RMS delay spread 𝜎𝜏󸀠 of the reference channel
model into a parameter vector denoted and defined by Ω fl(𝑎, 𝑏, 𝑐, 𝑤11, 𝑤12, 𝑤21, 𝑤22). We also introduce the following
error function:𝐸 (Ω) = 𝑊1 ⋅ 󵄨󵄨󵄨󵄨𝑚⋆𝜏󸀠 − 𝑚𝜏󸀠 󵄨󵄨󵄨󵄨 + 𝑊2 ⋅ 󵄨󵄨󵄨󵄨𝜎⋆𝜏󸀠 − 𝜎𝜏󸀠 󵄨󵄨󵄨󵄨 , (30)
for measuring the deviations between the mean excess delays𝑚⋆
𝜏󸀠
and𝑚𝜏󸀠 as well as between the RMS delay spreads 𝜎⋆𝜏󸀠 and𝜎𝜏󸀠 . In (30),𝑊1 and𝑊2 represent proper weighting factors.
The optimization of the parameter vector Ω has been
carried out by minimizing numerically the above error
function 𝐸(Ω) by means of the quasi-Newton optimization
procedure [50]. The optimization results are presented in
Tables 1, 2, and 3, for the laboratory, the conference room, and
corridor scenarios. For comparison purpose, the measured
mean assess delay 𝑚⋆
𝜏󸀠
and the measured RMS delay spread𝜎⋆
𝜏󸀠
, presented in [16, 19, 23], are also shown in Tables 1, 2, and
3. Note that the dimensions of the different rooms, which are
controlled by the parameters𝐴 and 𝐵, have been chosen such
that they are equal to the lengths and widths of the rooms
in which the corresponding measurement campaigns have
been conducted. Hence, 𝐴 and 𝐵 are fixed, and thus they
have not been included in the optimization procedure. In
Table 1, the measured mean assess delay 𝑚⋆
𝜏󸀠
is in the range
from 43.40 ns to 57.04 ns, while the RMS delay spread 𝜎⋆
𝜏󸀠
varies from 22.19 ns to 30.55 ns. Similarly, in Table 2, the
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Figure 7: The PDF 𝑝
𝛼
(𝛼) of the AOA 𝛼 for three different indoor
propagation scenarios.
measured mean assess delay𝑚⋆
𝜏󸀠
is in the range from 16.40 ns
to 24.0 ns, while the RMS delay spread 𝜎⋆
𝜏󸀠
varies from 15.5 ns
to 20.7 ns. In Table 3, finally, the measured mean assess delay𝑚⋆
𝜏󸀠
covers the range from 3.84 ns to 8.18 ns and holds for
hallways, while the range from 3.52 ns to 14.69 ns refers to
offices. In addition, themeasured RMSdelay spread𝜎⋆
𝜏󸀠
varies
from 12.34 ns to 15.04 ns for corridors and from 12.56 ns
to 21.09 ns for laboratories. In our optimization procedure,
the weighting factors 𝑊1 and 𝑊2 were chosen to be 0.35
and 0.65, respectively. For reasons of brevity, we have only
presented the values of the optimized parameters in all tables
with two decimals of precision. As shown in Tables 1, 2, and
3, the mean excess delay𝑚𝜏󸀠 and the RMS delay spread 𝜎𝜏󸀠 of
the proposed wideband indoor channel model are very close
to the corresponding measured quantities for all considered
indoor propagation scenarios, which demonstrates that the
reference channel model is useful for characterizing real-
world wideband indoor mobile radio channels.
For completeness, we present in Figure 7 the nonuniform
PDF 𝑝𝛼(𝛼) of the AOA 𝛼 for three of the indoor propagation
scenarios, namely, the Average Corridor, the Average Lab
(NLOS), and the overall channel scenario. In this figure, we
see that the PDF of the AOA has 4 peaks corresponding to
the characteristics of the exponential distribution within the
2D horizontal plan of the room.The results in this figure have
been obtained by evaluating (10) with the optimized channel
parameters listed in Table 1.
7. Conclusion
In this paper, we have developed a wideband mobile radio
channel model for indoor propagation environments. The
starting point for the derivation of the reference channel
model was a geometrical scattering model, where we have
assumed that an infinite number of scatterers are expo-
nentially distributed within the 2D horizontal plane of a
rectangular room. Analytical expressions have been derived
for the PDF of the AOA, the PDF of the propagation delays,
the PDP, and the FCF. We have shown that the shape of
the PDF of the AOA is independent of the position of the
transmitter (BS). Both the room length and width have a
strong influence on the PDF of the AOA and the FCF. If
the room length or width increases, the FCF decays faster if
the frequency separation increases.The coherence bandwidth
decreases with increasing the room size.The usefulness of the
proposed reference channel model has been demonstrated by
a close match between the channel statistics of the reference
model and measured channels.
An efficient channel simulator has been derived from the
reference channel model by applying the SOC principle. It
has been shown that the SOC channel simulator matches
closely thewideband referencemodel with respect to the FCF.
The designed SOC channel simulator can be used for the
performance evaluation of wideband indoor wireless com-
munication systems under realistic propagation conditions.
Appendix
A. Derivation of the Maximum Propagation
Path Length for a Given Value of the AOA
The function𝐷(𝑧, 𝛼), defined by𝐷 (𝑧, 𝛼) = 𝑧 + √𝑧2 − 2𝑐𝑧 cos𝛼 + 𝑐2, (A.1)
describes the propagation path length from the BS to the MS
via a single scatterer 𝑆 located at an arbitrary place of the
2D horizontal plane of the room. Owing to the fact that the
derivative of 𝐷(𝑧, 𝛼) with respect to 𝑧 is always positive, that
is, 𝑑𝑑𝑧𝐷 (𝑧, 𝛼) = 1 + 𝑧 − 𝑐 cos𝛼√𝑧2 − 2𝑐𝑧 cos𝛼 + 𝑐2 ≥ 0, (A.2)
we may conclude that 𝐷(𝑧, 𝛼) is a monotonic increasing
function with respect to 𝑧. That means, for a given value
of the AOA 𝛼, the propagation path length 𝐷(𝑧, 𝛼) takes a
maximum value if the distance 𝑧 from theMS to the scatterer𝑆 is maximum. The maximum of 𝑧, denoted by 𝑧max, always
occurs if a scatterer is located at the boundary of the rectangle.
For the derivation of the maximum propagation path
length, we partition the scattering region inside the room
into four subregions 𝑅1, 𝑅2, . . . , 𝑅4, as illustrated in Figure 8.
In the Subregion 𝑅1, the AOA 𝛼 is confined to the interval,(− arctan(𝐵+/𝐴−), arctan(𝐵−/𝐴−)].
According to the geometrical relationship in Figure 8, we
have 𝑧max = 𝐴−2 cos (𝛼) . (A.3)
Substituting (A.3) into (A.1) gives an analytical expression for
the maximum propagation path length𝐷max(𝛼):𝐷max (𝛼) = 𝐷 (𝑧max, 𝛼)
= 𝐴−2 cos (𝛼) + √[ 𝐴−2 cos (𝛼)]2 − 𝑐𝐴− + 𝑐2, (A.4)
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Figure 8: Partitioning of the scattering region inside a rectangular
room into four subregions: 𝑅1, 𝑅2, 𝑅3, and 𝑅4, separated by dashed
lines (- - -).
which depends only on the AOA 𝛼. The maximum propaga-
tion path length𝐷max(𝛼) for the other subregions𝑅2, 𝑅3, and𝑅4 can be computed analogously. For brevity, we only present
the final expression for𝐷max(𝛼) in (11).
B. Determination of the Values for𝐷𝑖 and 𝛼𝑖 in (14)
In this appendix, we first determine the maximum value and
theminimumvalue of𝐷max for the four scattering subregions
illustrated in Figure 8.
Subregion 𝑅1. − arctan(𝐵+/𝐴−) < 𝛼 ≤ arctan(𝐵−/𝐴−). It
can easily be seen from (A.4) that 𝐷max(𝛼) is a monotonic
increasing function with respect to 𝛼 within the range[0, arctan(𝐵−/𝐴−)].We find that𝐷max(𝛼) takes theminimum
value 𝐷1 if 𝛼 = 0, whereas 𝐷max(𝛼) equals the maximum
value𝐷2 if 𝛼 = arctan(𝐵−/𝐴−); that is,𝐷1 = min (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=0 = 𝐴− − 𝑐, (B.1a)𝐷2 = max (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=arctan(𝐵−/𝐴−)
= √𝐴2− + 𝐵2− + √(𝐴− − 2𝑐)2 + 𝐵2−2 .
(B.1b)
If 𝛼 ∈ (− arctan(𝐵+/𝐴−), 0), then 𝐷max(𝛼) decreases if 𝛼
increases. Thus, the maximum 𝐷max(𝛼) over this range is
given by
𝐷3 = max (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=− arctan(𝐵+/𝐴−)
= √𝐴2− + 𝐵2+ + √(𝐴− − 2𝑐)2 + 𝐵2+2 .
(B.2)
Subregion 𝑅2. arctan(𝐵−/𝐴−) < 𝛼 ≤ 𝜋 − arctan(𝐵−/𝐴+).
If a given value of the AOA 𝛼 belongs to the range
(arctan(𝐵−/𝐴−), 𝜋−arctan(𝐵−/𝐴+)], thenwe obtain the fixed
point 𝛼 = 𝜋 + arctan(𝐵−/𝑐) by setting the first derivative
of 𝐷max(𝛼) [see the second part of the piecewise function in
(11)] with respect to 𝛼 to zero. Since the second derivative of𝐷max(𝛼) with respect to 𝛼 is positive, it follows that 𝐷max(𝛼)
has a minimum value 𝐷4 at the fixed AOA 𝛼 = 𝜋 +
arctan(𝐵−/𝑐); that is,𝐷4 = min (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=𝜋+arctan(𝐵−/𝑐)
= √𝐵2− + 𝑐2. (B.3)
We notice that𝐷max(𝛼) is a monotonic increasing function if𝛼 ∈ (𝜋+arctan(𝐵−/𝑐), 𝜋−arctan(𝐵−/𝐴+)].Therefore,𝐷max(𝛼)
takes a maximum value𝐷5 at 𝛼 = 𝜋− arctan(𝐵−/𝐴+); that is,𝐷5 = max (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=𝜋−arctan(𝐵−/𝐴+)
= √𝐴2+ + 𝐵2− + √(𝐴+ + 2𝑐)2 + 𝐵2−2 .
(B.4)
If 𝛼 ∈ (arctan(𝐵−/𝐴−), 𝜋 + arctan(𝐵−/𝑐)], then 𝐷max(𝛼)
decreases if 𝛼 increases. Thus, we have𝐷max(𝛼) < 𝐷2.
Subregion 𝑅3. 𝛼 ∈ (𝜋 − arctan(𝐵−/𝐴+), 𝜋] ∪ (−𝜋, −𝜋 +
arctan(𝐵+/𝐴+)]. By studying the first and second derivatives
of 𝐷max(𝛼) [see the third part of the piecewise function in
(11)], it can be shown that𝐷max(𝛼) is a monotonic decreasing
function within (𝜋 − arctan(𝐵−/𝐴+), 𝜋]. Thus, we have 𝐷6 ≤𝐷max(𝛼) < 𝐷5, where𝐷6 = min (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=𝜋 = 𝐴+ + 𝑐. (B.5)
If 𝛼 ∈ (−𝜋, −𝜋 + arctan(𝐵+/𝐴+)], then 𝐷6 < 𝐷max(𝛼) ≤ 𝐷7,
where𝐷7 = max (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=−𝜋+arctan(𝐵+/𝐴+)
= √𝐴2+ + 𝐵2+ + √(𝐴+ + 2𝑐)2 + 𝐵2+2 .
(B.6)
Subregion 𝑅4. −𝜋 + arctan(𝐵+/𝐴+) < 𝛼 ≤ − arctan(𝐵+/𝐴−).
By conducting similar calculations as for the Subregion 𝑅2,
we obtain the range of 𝐷max(𝛼) for the remaining interval of
the AOA 𝛼 ∈ (−𝜋 + arctan(𝐵+/𝐴+), − arctan(𝐵+/𝐴−)]. For
brevity, we present only the final results here. The function𝐷max(𝛼) has a minimum value at the fixed AOA 𝛼 = −𝜋 −
arctan(𝐵+/𝑐); that is,𝐷8 = min (𝐷max (𝛼)) = 𝐷max (𝛼)󵄨󵄨󵄨󵄨𝛼=−𝜋−arctan(𝐵+/𝑐)
= √𝐵2+ + 𝑐2. (B.7)
The value of 𝐷max(𝛼) decreases if the AOA changes from−𝜋 + arctan(𝐵+/𝐴+) to the fixed AOA given above. Within
this range, we have 𝐷8 ≤ 𝐷max(𝛼) < 𝐷7. If 𝛼 ∈ (−𝜋 −
arctan(𝐵+/𝑐), − arctan(𝐵+/𝐴−)], then 𝐷max(𝛼) increases and
the maximum value occurs at 𝛼 = − arctan(𝐵+/𝐴−), and thus
we have𝐷8 < 𝐷max(𝛼) ≤ 𝐷3.
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Figure 9: The maximum propagation path length 𝐷max(𝛼) for different values of the AOA 𝛼 (𝐴 = 10m, 𝐵 = 5m, 𝑎 = 2m, 𝑏 = 1m, and𝑐 = −2m).
An example for the maximum path length 𝐷max(𝛼) is
illustrated in Figure 9. It should be mentioned that the path
length 𝐷 is always less than or equal to 𝐷max(𝛼). Since 𝐷4
is the minimum value of 𝐷max(𝛼) [see Figure 9], for a given
value of the path length 𝐷 ≤ 𝐷4, we can conclude that all
AOAs 𝛼 ∈ (−𝜋, 𝜋] satisfy the inequality 𝐷 ≤ 𝐷max(𝛼) ≤ 𝐷4.
However, if the path length𝐷4 < 𝐷 ≤ 𝐷8, then the inequality𝐷 ≤ 𝐷max(𝛼) can only be guaranteed if 𝛼 ∈ (−𝜋, 𝛼1] or𝛼 ∈ [𝛼2, 𝜋]. Here, the AOAs 𝛼1 and 𝛼2 can be obtained by
solving the equation 𝐷max (𝛼) = 𝐷. (B.8)
As shown in Figure 9, 𝛼1, 𝛼2 ∈ (arctan(𝐵−/𝐴−), 𝜋 −
arctan(𝐵−/𝐴+)]. Thus, we select the second piece of 𝐷max(𝛼)
in (11) as the expression for the left-hand side of (B.8).
Solving (B.8) results finally in the expressions for 𝛼1 and 𝛼2
as presented in (16a).
For the other given values of𝐷, it is necessary to meet the
condition 𝐷 ≤ 𝐷max(𝛼). According to Figure 9, we obtained
the relations in (B.9), which are presented as follows:(1) 𝛼 ∈ (−𝜋, 𝛼3] ∪ [𝛼4, 𝛼1] ∪ [𝛼2, 𝜋]
if 𝐷8 < 𝐷 ≤ 𝐷1,(2) 𝛼 ∈ (−𝜋, 𝛼3] ∪ [𝛼4, 𝛼5] ∪ [𝛼6, 𝛼1] ∪ [𝛼2, 𝜋]
if 𝐷1 < 𝐷 ≤ 𝐷2,(3) 𝛼 ∈ (−𝜋, 𝛼3] ∪ [𝛼4, 𝛼5] ∪ [𝛼2, 𝜋]
if 𝐷2 < 𝐷 ≤ 𝐷3,
(4) 𝛼 ∈ (−𝜋, 𝛼3] ∪ [𝛼2, 𝜋] if 𝐷3 < 𝐷 ≤ 𝐷6,(5) 𝛼 ∈ [𝛼8, 𝛼3] ∪ [𝛼2, 𝛼7] if 𝐷6 < 𝐷 ≤ 𝐷5,(6) 𝛼 ∈ [𝛼8, 𝛼3] if 𝐷5 < 𝐷 ≤ 𝐷7.
(B.9)
The AOAs 𝛼𝑖 (𝑖 = 3, 4, . . . , 8) can be determined similarly
by solving (B.8). The expression for𝐷max(𝛼) on the left-hand
side of (B.8) is chosen in accordance with the range of 𝛼𝑖. For
example, as 𝛼3 ∈ (−𝜋 + arctan(𝐵+/𝐴+), − arctan(𝐵+/𝐴−)],
the fourth part of 𝐷max(𝛼) [see (11)] corresponding to the
Subregion 𝑅4 is selected.
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